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Abstract 

Earlier an analytic approach is proposed for classical solutions describing tachyon 
vacuum in open string field theory. Based on the approach, we construct a certain 
class of classical solutions written in terms of holomorphic functions with higher 
order zeros. Taking the simplest among the new classical solutions, we study the 
cohomology of the new BRS charge and make a numerical analysis of the vacuum 
energy. The results indicate that the new non-trivial solution is another analytic 
candidate for the tachyon vacuum. 
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1 Introduction 



Over the past years, it has been argued that string field theory, originally defined around 
the D-brane vacuum, admits the lower energy vacuum where the D-brane is annihilated via 
the condensation of the open string tachyon [UI2]- This should be described by a classical 
solution for which the value of the action is the minus of the tension of the annihilated brane 
The classical solution in cubic open string field theory (CSFT) j3] has been constructed 
numerically using the level truncation method in the Siegel gauge [SJ El E] • These studies 
provide us with sufficiently accurate quantitative tests of the above conjecture. 

Remarkably, there exists a candidate for analytic description of the tachyon condensed 
vacuum as classical solutions in CSFT. In [10J, one parameter family of classical solutions in 
pure gauge form has been constructed in a half string formulation by taking certain linear 
combinations of the BRS current and the ghost field acting on the identity operator. A 
linear combination is specified by a holomorphic function h a (w) with a real parameter a. 
The solutions are expressed on the universal basis: the matter Virasoro operators, the ghost 
and anti-ghost fields. The work jTU] is extended in |TTj to give more general solutions by 
considering infinite set of one parameter families of holomorphic functions h™{w) labelled 
by a positive integer m. The solutions are in the pure gauge form and mostly reduced to 
gauge transformations of the usual vacuum. However non-trivial solutions emerge when the 
parameter in h™(w) takes the boundary value a = ab. Thus, we have a series of non-trivial 
classical solutions labelled by the integer m. 

Given a solution with h™(w), we may expand the action around the solution to have a 
theory for the string fluctuating around the classical solution. In CSFT, the new action remains 
the same form, but the BRS charge Qb is replaced by the new one (Q'b), which depends on the 
function h™. Study on the cohomology defined by Q' B [TT], perturbative scattering amplitudes 
[T2] and a numerical analysis of the vacuum energy ^3] strongly indicate that the non-trivial 
solutions correspond to the tachyon vacuum. 

It is found that properties of the analytic solutions depend on the structure of zeros in the 
underlying function F(w) = e h ^ f3JE3 : the functions F™(w) for a ^ have Am first-order 
zeros inside as well as outside of the unit circle \w\ = 1. In the limit a — > each pair of zeros, 
one inside and the other outside, becomes degenerate on the unit circle. The functions F™(w) 
turn out to have 2m second-order zeros on the unit circle, and produce non-trivial solutions 
which cannot be gauged away. The implications of the structure of zeros in the function F(w) 
remain to be clarified. One asks 

(1) how the solutions with and F™ (I / m), which differ in locations and numbers of 
zeros, could be related, 

(2) if some new aspects appear in another class of solutions associated with functions having 
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higher order zeros, in particular, if those solutions give rise to different values for the vacuum 
energy, reflecting the order of zeros. 

The purpose of this paper is to consider the above question (2). We construct a classical 
non-trivial solution to CSFT characterized by a holomorphic function with fourth order zeros, 
and discuss its properties in details. After obtaining explicit form of the solution, we examine 
cohomology of the new BRS charge, the kinetic operator for shifted string field around the 
solution. Numerical analysis of the vacuum energy is also reported. Our results indicate that 
the new non-trivial solution with higher order zeros provides us with yet another analytic 
candidate for the tachyon vacuum. 



2 Classical Solutions in Open String Field Theory 

Let us briefly summarize the approach in Ref. ^U] and its results on classical solutions in 
CSFT. The action of CSFT [B] is given by 

S M = ~\ J Q**Qb* + ^* (2.1) 

where \I/ is the string field and Qb is the Kato-Ogawa BRS charge [T^j. This action leads to 
the equation of motion, 

Q B # + ^*^ = 0. (2.2) 

The classical solutions are written in terms of two basic operators, the BRS current Jb{w) and 
the ghost field c(w), acting on the identity operator I. A solution is given by a contour integral 
of a linear combination of these operators specified by a holomorphic function h(w) = log F(w) 

Mh) = [ pz [(e h - l) Jb(w) - {{dhfe h ) c(w) 



Cleft 2ttz 

= Q L (e h -l)I-C L ((dh) 2 e h )l. (2.3) 

Here, the integral is taken along the left-half of a circle, as indicated by Ci e ft The function 

h(w) is required to satisfy two conditions, (i) h(—l/w) = h(w) and (ii) h(±i) = 0. The first 
condition is necessary to ensure the basic symmetry property of CSFT under the inversion 
and the second one guarantees the closure of the half-splitting algebra. 

Expanding the original string field around the classical solution, 

tt = tf o (>0+$, ( 2 - 4 ) 
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we rewrite the action as 

S[tf] = S[* (h)] ~ \ J Q $ * Q'b® + I® * $ * $) • (2-5) 

Note here that the three-string vertex for the string field $ remains the same form as the 
original one, while the kinetic term carries the new BRS charge given by 

Q' B <S> = Q B <S> + ty (h)*$ + $*y (h). (2.6) 

More explicitly, it is written as 

Q ' B = f^l [ eh Mw)-(dh) 2 e h c(w) 

= Q{e h ) - C {{dhfe h ) , (2.7) 

where the integration is taken over a closed circle or Cieft+CVight: this is due to the contributions 
from the second and third terms of eq. ()2.6|) . in which the classical solution is multiplied on 
the left and right halves of the string field 

In [TJ, the universal solutions constructed with a set of functions 

K{w) = lo s\l-^-l) m (w m -{-^j m ^ (m = l,2,3,---) (2.8) 

were discussed. The parameter a must be a > —1/2 to satisfy the hermiticity requirement. 
Exponentiating these functions, we have 



F?(w) = exp(/CM) 



1 - (-l) m Z(a) w 2m (1 - (-l) m Z(a) w- 2m 



(1-Z(a)y 



Z(a) . Lt^g±g, (2.9) 

(X 

For a > -1/2, Z(a) G (-1, 1) and Z(-l/2) = -1. 

For each function h™(w), we have shown the followings for a > —1/2: 



1. The action obtained by expanding around the solution can be transformed back to the 
action with the original BRS charge [TU] ; 

2. The new BRS charge gives rise to the cohomology which has one-to-one correspondence 
to the cohomology of the original BRS charge i llj; 

3. The expanded theory reproduces the same open string scattering amplitudes as the 
original theory [T2*] ; 
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4. We can also show numerically that the expanded theory has a non-perturbative vacuum 
and its vacuum energy tends to the value appropriate to cancel the D-brane tension as 
the truncation level increases [T3] . 

All these facts are consistent with the expectation that solutions for a > —1/2 are trivial pure 
gauge solutions. On the other hand, around a solution with a = —1/2, we find completely 
different properties in the expanded theory: 

5. The new BRS charge has the vanishing co homology in the Hilbert space of the ghost 
number one |llj ; 

6. Any open string scattering amplitudes vanish and perturbatively there are no open string 
excitations (no open string theorem) [T2*] ; 

7. A numerical analysis shows that the non-perturbative vacuum found for a > —1/2 
disappears as a approaches to —1/2 [T3] . 

Hence, we believe that the non-trivial solutions correspond to the tachyon vacuum. 

The above results are related to the distribution and the order of zeros in the functions 
exp(h™(w)) = F™(w). Consider the function F^(w), for example. For a > —1/2, it has the 



first-order zeros at w = ±J —Z(a), ±1/J—Z(a). For a = —1/2, Z(— 1/2) = —1 and the zeros 



at \j—Z(a) and — y— Z(a) coincide with those at 1/ 'J—Z(a) and — 1/y — Z(a), respectively: 
In other words, these points become the second-order zeros. We have the non-trivial solution 
when this change in the distribution of zeros occurs. In general, the function F™(w) has 4m 
first-order zeros for a > —1/2. Half of them are distributed inside the unit circle \w \ = 1 while 
the other half are located outside of it, as a result of the condition h™(w) = h™(—l/w). In 
the limit of a — > —1/2, these 4m first-order zeros merge into 2m second-order zeros on the 
unit circle and non-trivial solutions emerge. 

From these observations, we wonder if the order of zeros has any relevance in characterizing 
non-trivial solutions. Actually, it has been conjectured that the order is related to the number 
of D-branes |14j . So it would be worthwhile to consider other solutions written in terms of 
holomorphic functions with higher oder zeros. 

3 Classical Solutions with Higher Order Zeros 

We now construct a new family of classical solutions. The underlying holomorphic function is 

expressed as 








h {a m }(w) = log 1 + ^a m (exp h m l/2 (w) - l) 



(3.1) 



ni 
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where h™(w) is given by eq. (|2.8|) . Hence, as required for classical solutions, h{ am y(w) satisfies 
/i{ am }(— 1/w) = h{ am y(w) and /i{ am }(±z) = 0. The classical solutions associated with h^ am y(w) 
are parameterized by {a±, a 2 , ■ ■ •}, which can be chosen in such a way that new solutions with 
higher order zeros appear. 

For example, consider the function made of h}_ X j 2 and h^,^, 



l + aA-^fw--) - l\ + a 2 [\ (w 2 + -4^1 -1 



h {ai,a 2 }{w) = log . .,, , , .. • | , , X ■ 

1 4 V w J J [ 4 V u> 

Choosing ai = 4a 2 = —2a, we obtain one parameter family of functions 



(3.2) 



hi 4 \w) = h { _ 2o ,_ a/2} H = log |l + 2a - ~ - ~) J . (3.3) 

The parameter a is larger than or equal to —1/2 due to the hermiticity condition of the classical 
solution. For a = —1/2, we find 

expa%H = l( W -l) 4 , (3.4) 

which has fourth order zeros at w = ±1. 

The function exp h^(w) can be rewritten as 

exph<p(w) = - 1 - (1 - xw 2 )(l - :rar 2 )(l - yw 2 )(l - yw~ 2 ), (3.5) 

where the parameters x and y are related to a by 

lS ' r// ( a r + y)(l + - > )=4. (3.6) 



(1 + x) 2 (l + y) 2 \ xy / 

Since the function ()3.5j) is invariant under the transformations x — > 1/x and y — > l/y,we can 
impose the condition |x| < 1 and |?/| < 1 on the parameters x and y. It follows from eq. (J3.6j) 
that \x\ < 1 and \y\ < 1 for a > —1/2, and x — y — 1 for a = —1/2. Using x and y, we can 
expand the function h^\w) in a Laurent series, 

OO 1 

hf{w) = - log(l + x) 2 (l + y) 2 - V - (x n + y n )(«; 2n + «r 2n ). (3.7) 

In the theory expanded around the solution constructed with h^'(w), the new BRS charge 
is given by 

Q' B (a) = Q(e^) - C((dh^) 2 e h ^). (3.8) 
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We now examine if this charge Q' B (a) is related to the original Qb via a similarity transfor- 
mation. Defining the operator 

dw 



?(/) = / 7^-J( w ) J A w ), 
and using the commutation relations ^U] 

[?(/), = W^)-2C(5/^), 

[?(/), Cfo)] = <?(/<?), 

formally we obtain 



(3.9) 



(3.10) 



(3.11) 



This equality holds of course only if the operator expq(h^) is well-defined. Using ()3.7|) and 
the mode expansion J g h(w) = J2 QnW^ -1 , we expand the operator q{hSf>) as 



q(h^) = - log(l + xf{\ +yf qo -J2- (x n + y n ){q 2 n + q 

n=l 71 



-2n) 



(3.12) 



We find that the normal ordered form of exp q(h^) has a singularity at a = —1/2, because 
the commutation relation between positive and negative modes of q(h^>) diverges at a = —1/2 
as follows, 

OO 1 CO 1 

V + W). <? ( " = 2 E + y n f - 8 £ - = oc (a - -1/2). (3.13) 

Thus, (|3.11j) holds for a > —1/2, but not for a = —1/2: the expanded theory for a > —1/2 can 
be transformed back to the original theory by the string field redefinition = exp q(h^) x 
but this is not the case for a = —1/2. The conclusion here is parallel to that for the case of 
the function (jHHJ) PH Hi- 
lt follows from the above argument that the function h_\, 2 (w) generates a new non-trivial 
solution with fourth order zeros. The solution has a well-defined universal Fock space expres- 
sion as for the case of h™(w) [TUJIH]. Actually, substituting the expressions 



1 = tf( w + w ~ 
lb 



-(w 2 + w~ 2 ) 
4 

2\2 



(3.14) 



into ()2.3j) and performing the integrations, we obtain 



l*o(-l/2)> 



-| OO 

87r n=0 



+ 
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+ 



+ 



2n + 5 2n + 3 2n + 1 2n - 1 2n - 3 



Q- 



•2n-l 
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37T 07T 



r> OO 

-^E(-i) n 



i i 

+ 



2n + 5 2n - 3 2n + 1 



C_2n-1 |-0 



(3.15) 
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where the mode expansions are given by Jb(w) = Y^QnW n 1 and c(w) = Y, c nW n+1 - 

In the following, we will study the classical solutions obtained with hffl(w) in detail to 
provide physical interpretation of the solution with higher order zeros. We first discuss the 
cohomology of the new BRS charge (|3.8|) . and then the vacuum energy of a non-perturbative 
vacuum. 

3.1 Cohomology 

For a > —1/2, the similarity transformation ()3.8|) relates the new BRS to the original BRS 
charge. Then, the cohomology of the new BRS charge is given by the similarity transformation 
of the original cohomology [THIE]: the state \ip) satisfying Q' B (a) \ip) = (a > —1/2) can be 
written as 

= e^ 4> ) (\P) ® c x |0> + \P') ® c oCl |0)) + Q' B (a) \<f>) , (3.16) 

where \P) and \P') are positive norm states in the matter sector. Thus, there exists one-to-one 
correspondence between the cohomologies of the new and original BRS charges for a > —1/2. 

For a = —1/2, the new BRS charge is given by 



Qb(-1/2) = 




(3.17) 



Using the first commutation relation in ()3.10|) . we can transform the new BRS charge to a 
level four operator as 

16c 4 ), (3.18) 

oo -y 

4]T-g_ 2n . (3.19) 

Using eq. (J3.18|) . we may find the cohomology for the case of a = —1/2 in the same way as 
that for h™(w) ^Tj. First, the cohomology of the operator Q 4 — I6C4 becomes 

\P) ® 6-46-36-2 10) + \P') ® 6-36-2 10) + (Q 4 - I6C4) 10) • (3.20) 

This is due to the fact that Q4 — I6C4 may be obtained from the original BRS charge Qb, 
by simply replacing the ghost oscillators c n and b n by c n+ 4 and 6 n _4 without changing their 
orders [TT]. Therefore, the state satisfying Q' B (— 1/2) \ip) = can be written as 

IV,) = \P) (g) 6-46-36-2 |0) + \P') ® e-o^ 6_ 3 6- 2 |0) + Q' B (-l/2) \<f>) . (3.21) 



e^Q' B e-^ = ±(Q 4 - 
where f(w) and g(/) are given by 

/H = -41og(l- W - 2 ), q(f) = 
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The ghost numbers of the cohomologically non-trivial states are —3 and —2, which differ from 
that of the original BRS charge. Hence, we conclude that there are no open string excitations 
perturbatively in the theory expanded around the non-trivial solution with fourth order zeros. 

3.2 Vacuum energy 

The classical solution with h_l, 2 (w) is a non-trivial solution as indicated by the cohomological 
analysis of the new BRS charge. Accordingly, the vacuum energy of the solution is expected 
to have a non-zero value. A solution with a > — 1/2 is a pure gauge solution and its vacuum 
energy must be zero. 

This resembles to the situation encountered in Ref. [T3|. So, it would be useful to recall 
what had happened in earlier case. There, due to some technical reasons, it was found difficult 
to directly evaluate the energy density of our solution. So rather than calculating it directly, 
the theory expanded around a solution was taken and the energy of a non-perturbative vacuum 
of that theory was evaluated. The action of the expanded theory is given by 



where the new BRS charge is given as eq. ([3.8)1 . The action ()3.22|) with a pure gauge solution 
is the same as the original theory and it observes the tachyon vacuum as its non-perturbative 
vacuum. Therefore the vacuum energy takes a non-zero value. On the other hand, when 
expanded around the non-trivial vacuum, the theory described by the action (|3.22|) is already 
at the tachyon vacuum and the vacuum energy is zero. In summary, by denoting the vacuum 
solution as $o( a ), the vacuum energy density behaved as 



where Tp and Vp are the D-brane tension and the space-time volume, respectively. In calcu- 
lating / a ($ (a)) in (|3.23|) . the level truncation approximation was utilized. 

We take the same approach to evaluate the vacuum energies for our new solutions: we would 
like to see how the function / a ($o( a )) behaves in the present case. If it behaves differently 
from eq. ()3.23|) . it implies the presence of a new vacuum. 

In order to apply the level truncation analysis, let us calculate the kinetic operator in the 
Siegel gauge: 




(3.22) 




(3.23) 




(3.24) 



where use was made of notations, 




(3.25) 
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The first two terms of (|3.24|) is easily calculated as 

T(we^)-q(wde^) = (l + ^) L + |(L' 2 + L'_ 2 ) - ^{L' A + L'_ 4 ). (3.26) 

The primed operators 14 denote the twisted ghost Virasoro operators: L' n = L n + n q n + 5 n . 
The Laurent expansion ()3.7|) leads to 

oo 

dh^(w) = -Aiw- 1 ^(s n + y n ) sin(2rw7), (3.27) 

n=l 

where w = e icr . So, it follows that 

(dhW(w)) 2 e h " } W = dh^\w)de h « ){w) 

oo 

= 32aw" 2 ^(s n + ?/ n )sin(2n(T)sin 3 acosa. (3.28) 

n=l 

Substituting this into (|3.24j) . we calculate the last term as 

- k(w {dhf>f e hi ° 4) ) = 2a{2(x + y) - (x 2 + y 2 )) . (3.29) 

Now, we parameterize x and y as 

^ *a±«_ (330) 

l + t y l - 1 v ; 

Then, using £ = t 2 , we obtain the final expression for the kinetic operator: 

L«(a) = (l + ^L + ^(4 + L'_ 2 )-^(4 + ^4) + «(e), (3.31) 
where a(£) and a(£) are given by 

8£(l-0 2 



o(0 



:i-6£+a 2 

32£ 2 (5 + 2£ + e 2 ) 



o - (iiee;^ • (3 - 32) 

As £ changes from —1 to 3 — 2 a/2, a(£) varies from —1/2 to +oo. 

Under the Siegel gauge condition, the energy density is given by [THj 

/«($) = 2vr 2 c L (4) H$> + -<<&, (3.33) 

At level (0, 0) truncation, the component field is tc\ |0), and the energy density is 

Ut) = 2n 2 (- 1 -\(Z)t 2 + 1 - 

A(0 = i + ^-a(fl. (3.34) 
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A(£) has two real roots £ + = 0.0759112 ■ • ■ and £ = —0.0933769 ■ • •, and these correspond 
to a(£+) = 1.89932- •• and a(£~) = -0.362772 •• ■, respectively. We find that A(£) > if 
£~ < £ < £ + and A(£) < if £ < £~ or £ > £ + . Then, the energy density has a local minimum 
as follows 

/.(« = ( -T^)'^ <^^ +) ,3,5) 
I (-l<(<f or ( + <(<3- 2<\/2). 

We proceeded up to the level (6, 18) and evaluated the local minimum of the energy density. 
The resulting vacuum energy is depicted in Fig. ^ We observe that the vacuum energy 
approaches to the function (|H.23jl as the truncation level is increased. 

The result in this section, together with the cohomology analysis, is consistent with the 
statement that the non-trivial solution with the forth order zeros describes the same tachyon 
vacuum as other non-trivial solutions obtained earlier. 
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Figure 1: Vacuum energy. 



4 Summary and outlook 

In the construction of classical solutions to CSFT, each solution is specified by an underlying 
holomorphic function F(w) = e h( - w \ Because of the inversion relation F(w) = F(—l/w), the 
same numbers of zeros are distributed inside and outside the unit circle \w\ = 1. The solutions 
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with functions whose zeros are located off the unit circle are pure gauge, while the non-trivial 
solutions, that cannot be gauged away, are obtained with functions with zeros all on the unit 
circle \w\ = 1. The functions F™y 2 ( w ) = ex p(^-i/2( u ')) where h™(w) are given in (|2.8|) have 
second-order zeros. In jHj, a conjecture has been made that the order of zeros is related to the 
number of D-branes and therefore different orders of zeros will correspond to different vacua 
of the theory. 

In this letter, we have constructed a non-trivial solution specified by a function with the 
fourth order zeros. The cohomological argument on the new BRS charge shows the absence 
of open string excitations at the perturbative level. Our numerical analysis on the vacuum 
energy indicates that the non-trivial solution with the fourth order zeros describes the tachyon 
condensed vacuum. From these results we conclude that our new non-trivial solutions corre- 
spond to the same tachyon vacuum described by the solutions reported earlier [TUJ E] and 
they are counter examples to the above conjecture. 

We have reported yet another analytic solutions to the CSFT. Our results suggest that all 
these classical solutions as well as those obtained earlier are sound candidates describing the 
same tachyon vacuum. This is consistent only if these solutions are gauge equivalent. We will 
report how they could be related each other in the forthcoming paper [TH] . 
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